We present a general formalism to study the growth of dark matter perturbations when dark energy perturbations and interactions between dark sectors are present. We show that the dynamical stability on the growth of structure depends on the form of coupling between dark sectors. By taking the appropriate coupling which enables the stable growth of structure, we find that the effect of the interaction between dark sectors overwhelms that of dark energy perturbation on the growth of dark matter perturbation. Due to the influence of the interaction, the growth index can differ from the value without interaction by an amount up to the observational sensibility, which provides an opportunity to probe the interaction between dark sectors through future observations on the growth of structure.
I. INTRODUCTION
DE and DM can interact has been widely discussed in [10] - [30] . It has been shown that the coupling between DE and DM can provide a mechanism to alleviate the coincidence problem [10, 11, 13, 14] . In addition, it has been argued that an appropriate interaction between DE and DM can influence the perturbation dynamics and affect the lowest multipoles of the CMB angular power spectrum [15, 16] . Furthermore it was suggested that the dynamical equilibrium of collapsed structures such as clusters would be modified due to the coupling between DE and DM [19, 24] . In the presence of such coupling, there has been some concerns about the stability of the perturbations [21] . However, it was proved in [22] that the stability of the curvature perturbation depends on the forms of coupling between dark sectors. Since observational signatures on the dark sectors' mutual interaction have been found in the probes of the cosmic expansion history [20, 25, 26] , it is interesting to ask whether the interaction can have an effect on the growth of structure, whether it can provide a more consistent check for the coupling between dark sectors.
In this paper we are going to study the effect of the interaction between DE and DM on the growth function of DM perturbations. Recently there is an attempt on this study [27] . Here we will incorporate the DE perturbations in our study. We will restrict our investigation to constant sound speed as well as constant EoS of DE. From our formalism we will see that the growth of DM perturbations gets more modification due to the dark sectors' interaction than that of the DE perturbations. This provides an opportunity to probe the interaction between DE and DM through the growth history of DM.
The organization of the paper is as follows. In the following section we will provide our analytical framework for the perturbation equations at the linear level. In Sec.III, we will present our numerical results and discuss the growth function of DM. We will give our conclusions and discussions in the last section.
II. ANALYTICAL FORMALISM
In this section we will derive the second order differential equations for the perturbations of DM and DE with couplings between them in a spatially flat Friedmann-Robertson-Walker (FRW) background. The perturbed spacetime at first order reads,
where ψ, B, φ, E is scalar metric perturbations, a is the cosmic scale factor and
We work with general stress-energy tensor
for a two-component system consisting of DE and DM. Each energy-mementum tensor satisfies the conservation law
where Q ν (λ) denotes the interaction between different components and λ denotes either the DM or the DE sector. The perturbed energy-momentum tensor reads,
where θ = ∇ 2 v, v is the potential of three velocity and the prime denotes the derivative with respect to the conformal time τ . The perturbed Einstein equations yield, in the linear order
where δρ is the total energy perturbation, δρ = λ δρ λ and (p + ρ)θ = λ (p λ + ρ λ )θ λ .
Considering an infinitesimal transformation on the coordinates [31] ,
the perturbed quantities behave as,ψ
Inserting eq(7)into the medium part of eq (4), we obtain the behavior of δQ µ on the right hand side of eq(4)
where
and δQ p is the potential of three vector δQ i . This is consistent with the results got from Lie derivatives,
which shows that Q ν is covariant.
We expand the metric perturbations in Fourier space by using scalar harmonics [31] ,
and the perturbed conservation equations eq( 4) read
The interaction Q ν (λ) can be decomposed into two parts,
where U µ (total) is the total four-velocity as defined in [31] 
is a spacial vector and vanishes in back
is the projection operator. The perturbed quantities read
and Eq( 11) can go back to Eq (20) and Eq (21) in [21] , if we neglect the anisotropic stress π λ .
Constructing the gauge invariant quantities [31] ,
the perturbed Einstein equations eq( 5) become
where we have assumed that the pressure perturbation of DE is isotropic Π i j = 0.
Using the gauge invariant quantities eq ( 14), we can obtain the linear perturbation equations for DM from eq(11),
Considering the pressure perturbation of DE [21, 22] 
is the adiabatic sound speed , and further noting
we have the gauge invariant form of DE perturbation equations
Inserting eq. (17) into eq. (16)to eliminate V m , in the subhorizon approximation k >> aH, we obtain the second order equation for the DM perturbation
Similarly for the DE perturbation we have
Changing the conformal time into the cosmic proper time, we can rewrite the above second order equations as
where the dot denotes the derivative with respect to the proper time t. For the convenience in the following discussions, we can further rewrite the second order perturbation equations for DE and DM into dimensionless form
In the subhorizon approximation, from the perturbed Einstein equations eq( 15) we can get the "Poission equation"
where we have used Friedmann equation in the derivation. This equation can be used to build the bridge between the matter perturbations to the metric perturbations.
Since the nature of DE and DM remains unknown, it will not be possible to derive the precise form of the interaction between them from the first principle. One has to assume a specific coupling from the outset [11, 29, 30] or determine it from phenomenological requirements [12, 25] . From eq(8)and eq(9), we know that Q ν is a covariant vector, which does not need to depend on the four velocity. For the generality, we can assume the phenomenological description of the interaction between dark sectors in the comoving frame as
where δ 1 , δ 2 are small positive dimensionless constants and superindex T is the transpose of the vector. Choosing positive sign in the interaction, one can ensure the direction of energy transfer from DE to DM, which is required to alleviate the coincidence problem [17, 23] and avoid some unphysical problems such as negative DE density etc [21, 25] . In the subhorizon approximation k >> aH,
Further noting that the gauge-invariant momentum transfer δQ I pλ refers to the intrinsic momentum transfer between dark sectors and as explained in [31] , such intrinsic momentum transfer is due to the collision of particles from different fluids. Such collision can produce acoustics in DM fluid as well as pressure which may resist the squeeze of the attraction of gravity and hinder the growth of gravity fluctuations during tightly coupled photon baryon period, we therefore set δQ
.This is a choice of interaction and the result should not heavily depend on such setting.
Employing the above interaction form, we can finally arrive at perturbation equations for dark sectors with constant
where r = ρ m /ρ d and the prime denotes d/dlna.
III. NUMERICAL RESULTS
In this section we present numerical results of solving the above perturbation equations. We concentrate on the behavior of the evolution of the DM perturbation.
It was argued that the presence of the interaction between DE and DM may give rise to dynamical instabilities in the growth of structure [32] . In our general form of the phenomenological interaction, when we choose the coupling between dark sectors in proportion to the DM energy density by setting δ 2 = 0 while keeping δ 1 nonzero, we do find the consistent fast growth of the fluctuations of DM, as seeing in Fig 1. However, when we choose the dark sectors' mutual interaction in proportion to the energy density of DE by taking δ 1 = 0 and δ 2 = 0, we have the stable DM perturbation. This result tells us that the stability in the growth of structure depends on the type of coupling between dark sectors, which is consistent with the findings in the curvature perturbation in [22] .
In the following we focus on the interaction proportional to the energy density of DE to keep the stability of the matter density perturbation. Initial conditions are given at the redshift z = 3200 where approximately is the time of matter-radiation equality, and we take the adiabatic initial conditions and assume zero initial time derivatives of DM and DE perturbations. In our analysis we do not allow w < −1. As to k, we choose its value above 0.01hMpc
so that there is large scale structure data on the matter power spectrum [3, 8] . For the sound speed of DE, C Without the interaction between dark sectors, we observed that there is the sensible influence of the DE perturbation on the evolution of DM perturbation when the sound speed is tiny enough and the EoS of DE substantially deviates from −1. In Fig 2 a, we can see this qualitative behavior that for smaller C 2 e ,the DE perturbation grows. If we take w further away from −1, it will grow more and will influence the DM perturbation. In Fig 2 b , it shows that for fixed C 2 e , DE perturbation grows when w deviates from −1. This is consistent with the result in [8] . However, when C 2 e is not so tiny and w close to −1, in the subhorizon approximation, we observed that the influence of the DE perturbation is suppressed. For bigger k, DE influence is even smaller, see Fig 2 c . This result will not change when the interaction presents. The influence of the interaction between dark sectors can start to appear in the very recent epoch. In Fig 2 d, it shows there in the red circle the small deviation caused by the coupling between dark sectors in the matter density perturbation at recent time.
To see more clearly of the influence of different parameters on the growth history of the DM perturbation, we 
The growth index is generically not constant which was first emphasized and investigated in terms of cosmological parameters in [34] . The growth index has been argued as a useful way in principle to distinguish the modified gravity models from DE models [7, 35] . In Fig 3, we show that the influence of the DE perturbation on the growth index for the lack of interaction between dark sectors. The red lines in the figure mark the result without DE perturbation. In more from the result without DE perturbation. This deviation will be even more prominent when DE EoS is further away from −1 as shown in Fig. 3 b. We can see clearly that the difference between the growth index with and without DE perturbation can be as big as 0.03. Our numerical result further supports what found in [8] . In Fig 3 c,d , we observed that in the subhorizon approximation the value of k does not influence as much as the parameters w, C It is clearly shown that the growth index got more influenced from the interaction between dark sectors than the DE perturbation. If we take the best fitting value of δ 2 from observations of the expansion history of the universe, [25, 26] , its influence on the growth index will even overwhelm that of the DE perturbation. Although the enhancement of the growth index due to the DE perturbation and the interaction shown in Fig. 3, 4 is clear, the available accuracy from the observations such as DUNE [28] etc. is calculated for the ΛCDM model and may not be true for our interacting cosmology, since the current values of Ω c0 , δ c0 may not typically be equal in the two cases as argued in [33] . However, this phenomenon is interesting, as it opens the possibility that the future measurement of the growth factor may be helpful to reveal the presence of the interaction between DE and DM.
IV. CONCLUSIONS AND DISCUSSIONS
The cosmological observations have provided a firm evidence for significant physics beyond standard models. It is clear now that the formation of structure in the universe demands DM and the accelerated expansion of our universe requires some kind of DE or a significant infrared modification on Einstein gravity. DE and DM are two major components of the cosmic energy budget. It is reasonable to explore possible interactions between them in the framework of field theory.
In this paper we have concentrated on the time evolution of the DM perturbation. We have derived general equations to describe the perturbations of DM and DE which incorporates the interactions between them. It was argued that the interaction between dark sectors might give rise to dynamical instabilities on the growth of structure [32] . However, we observed that this instability depends on the form of the coupling. For example, if we choose the interaction in proportion to the energy density of DE, we did observe the stable growth of structure. This result is consistent with what is found in the curvature perturbation [22] .
Besides the interaction between dark sectors, we have also discussed the effects of the nonvanishing DE perturbation on the evolution of DM perturbation. Usually in the discussion of the growth of structure, the DE perturbation was neglected. For the minimal picture without the coupling between dark sectors, the influence of the DE perturbation on the growth function of DM perturbation has been examined in [8] . In our general formalism, by taking the appropriate coupling between dark sectors which enables the stable growth of structure, we have found that the effect of the interaction between dark sectors overwhelms that of the DE perturbation on the growth function of DM perturbation. When the DE EoS w is in the vicinity of −1 somewhere abound the best fitted value at the moment, the DE perturbation is suppressed, however, when the interaction presents, the growth index can differ from the value without interaction by a big amount up to the observational sensibility. This provides an interesting way to probe the interaction between dark sectors through the observations on the growth of structure in large scale [25, 26] .
It would be of great interest to confront our theoretical work to observations to constrain the interaction between dark sectors. However, the data available on the growth of structure are still poor and there is still a long way to go before we can talk about precision cosmology in this respect. We will leave our work in this direction in the future.
On the other hand, it is also very interesting to include the interaction between dark sectors to modify the code in studying the N-body cosmological simulations on the structure formation. Work in this direction is in progress.
